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Abstract
A design procedure for the class of nonrecursive digital filters exhibiting equi-
ripple passband and stopband characteristics is presented. With this method it is pos-
sible for a designer to obtain the coefficients necessary to realize a desired filter
without having to implement the design algorithm on a general-purpose digital com-
puter. This method also enables the designer to examine several alternative designs
before deciding on a particular solution. In particular, using a recently proposed
algorithm, we have generated designs for more than 500 filters and systematically
catalogued them in both tabular and graphical form. Design curves relating the various
filter parameters are presented, as are relations for estimating the required filter
specifications and for interpolation on the curves between tabulated designs. Trans-
formations are included to cover highpass filter design and to enable the design of
other sets of filters not explicitly catalogued. Sections are included to demonstrate the
use of the design curves and tables and to discuss nonlinear phase filters. An appen-
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Nonrecursive digital filters have traditionally enjoyed advantages not obtainable by
recursive realizations. These filters can be designed to approximate a given magnitude
frequency response to a desired accuracy and also to have an exactly linear phase. This
last property follows directly from the fact that nonrecursive digital filters have a unit
sample response of finite duration. Consequently, a zero-phase filter can first be
designed by prescribing the unit sample response to be a real and even function. Then
by cascading this filter with a finite delay equal to the negative time portion of the filter
unit sample response, a realizable system can be obtained. Since the effect of this finite
delay is to introduce a linear phase term into the frequency response, the resulting sys-
tem is a realizable, nonrecursive digital filter exhibiting an exactly linear phase charac-
teristic. Additionally, since the transfer function of a nonrecursive digital filter has no
poles in the finite z plane, instability resulting from coefficient inaccuracy is not a
problem, as it is in recursive filter design.
Until recently, nonrecursive digital filters were most commonly realized by direct
convolution, a process which becomes increasingly impractical as the filter order is
allowed to increase. This disadvantage no longer holds when we apply the Fast Fourier
Transform (FFT) algorithm to implementation of high-order filters and adapt power-
ful optimization techniques to the approximation problem. Now it is practical to design
filters of arbitrary order. The net result of these developments has been a renewed
interest in the design of frequency selective, nonrecursive digital filters.
The approximation problem in the design of nonrecursive digital filters basically
involves obtaining a suitable approximation to a generally specified or ideal frequency
response. As distinguished from the recursive case, in which the realizable approxi-
mations can be expressed as a ratio of two trigonometric polynomials and the extensive
results of analog filter theory can be applied via the bilinear transformation, the realiz-
able nonrecursive approximations are constrained to be trigonometric polynomials and
the bilinear transformation is not applicable. At present, there are several methods
for approximating a desired frequency response with a nonrecursive digital filter. A
few of these methods will be briefly discussed.
1. 1 WINDOWING
Perhaps the most widely used technique for approximating a specified frequency
characteristic has been to approximate the infinite duration unit sample response of
an ideal filter with the finite-duration unit sample response of a nonrecursive realiza-
tion. Since direct truncation of the ideal filter unit sample response results in the
Gibbs phenomenon, a fixed percentage overshoot and ripple in the vicinity of a
discontinuity, it is necessary in practice to modify this unit sample response by mul-
tiplication with a time-limited window or weighting function. The effect of this multi-
plication in the time domain is a complex convolution in the frequency domain which
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smooths the spectrum of the filter. Appropriate choice of the window function leads
to frequency characteristics with appreciably less in-band and out-of-band ripple, and
acceptable filter designs. The criterion requiring the weighting function to have a trans -
form with a narrow main lobe of high-energy content and small sidelobes with signifi-
cantly less energy content has resulted in many useful designs which have been sum-
marized by Rabiner,l Kaiser, and Helms.
1.2 FREQUENCY SAMPLING
Rabiner, Gold, and McGonegal have developed another technique, originally pro-
posed by Gold and Jordan, for the design of nonrecursive digital filters. This method
involves an initial specification of the desired frequency response at a certain number of
uniformly spaced frequency samples. The number of these samples is taken to be the
duration of the filter unit sample response, and the frequency samples are designated
as the discrete Fourier transform of this unit sample response. As a result, the con-
tinuous frequency response is linearly related to the specified frequency samples and
is exactly determined as an interpolation between them.
Sampling of the frequency response of an ideal filter generally results in aliasing
of the unit sample response and in overshoot and rippling of the frequency characteris-
tics between sample points. In order to improve the frequency response at intersample
frequencies, a number of frequency samples at the band edges are varied in magnitude
so as to increase the transition bandwidth and reduce the ripple variations. Then,
using a linear search and optimization algorithm, the values of these transition-band
frequency samples are varied to minimize the maximum deviation between the desired
and designed filter characteristics over some prescribed frequency range. Increasing
the number of samples in the transition band provides for even better ripple cancellation.
Practical considerations, however, limit the number of unconstrained variables that
can be varied simultaneously, and hence limit the degree to which the ripple can be sup-
pressed.
1.3 NONLINEAR OPTIMIZATION
Herrmann and Schuessler ' have developed a third technique for the design of non-
recursive digital filters. This technique can be used to design filters with equi-
ripple passband and stopband characteristics. The maximum allowable ripple values
for both the passband and stopband are prescribed independently, as are the number of
passband ripples Np, and the number of stopband ripples Ns. With N = N + N - 1, a
set of 2N nonlinear equations are then prescribed to constrain the frequency characteris-
tic of the filter to the desired tolerance scheme. These equations force an Nthorder poly-
nomial to have extrema that achieve the maximum allowable ripple values and to have
zero slope at the frequencies where the extrema occur. The equations are then itera-
tively solved by means of a nonlinear optimization technique to yield the N-1 unknown
interior extremum frequencies and the N+1 unknown filter coefficients. This procedure
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yields good results for filters of moderate order, but as the number of unknowns
becomes large available algorithms fail to converge; the suitability of this method is
therefore restricted.
1.4 LAGRANGE INTERPOLATION
The windowing and frequency sampling techniques do not generally yield filters with
equiripple characteristics. Hence they are suboptimal in the sense that they do not yield
filter characteristics with the smallest possible transition bandwidth for fixed passband
and stopband tolerances. It is possible to modify the method presented by Rabiner et al.4
to yield equiripple designs, but more work is necessary before an objective evaluation of
the procedure can be made. On the other hand, the approach taken by Herrmann and
Schuessler 6 , 7 does yield equiripple characteristics, but is restricted to the design of
filters of relatively modest order.
A new technique presented by Hofstetter, Oppenheim, and Siegel 8 ' 9 appears to avoid
the computational difficulties encountered with the nonlinear optimization technique and
still provides an equiripple design. Following the terminology first adopted by
Herrmann and Schuessler, the design approximation for a lowpass filter is specified in
terms of 5p, the maximum allowable deviation in the passband; s,the maximum allowable
deviation in the stopband; Np, the maximum number of passband ripples; and Ns, the
maximum number of stopband ripples. Use of the design algorithm results in a filter with
the maximum number of passband and stopband ripples and the minimum duration unit
sample response of 2N+l samples, where N = Np +Ns -1, and the ripple specifications
have included extrema located at frequencies of zero and r radians. A more detailed
explanation of the design algorithm is presented in Section III.For now it can be described
as an iterative procedure which, through the use of the Lagrange interpolation formula,
evolves from an initial estimate of the set of extremum frequencies to the desired con-
tinuous frequency response.
It can be shown 8 that of all filters satisfying the type of tolerance scheme mentioned
above the subset with the narrowest transition bandwidth occurs when the frequency char-
acteristics are specified to be equiripple. It can also be shown that there exists a unique
set of filter coefficients yielding this equiripple behavior when the frequency response is
real. Since the Lagrange interpolation method is optimal, in that it provides for equi-
ripple designs, and since it can be used to design filters of arbitrarily large order, it
is the method that will be considered throughout the rest of this report.
The Lagrange method, like the other iterative techniques, has one drawback. Because
of its iterative nature the design algorithm must be implemented on some type of general-
purpose digital computer. As a result, a filter designer wishing to use any of the itera-
tive or optimization techniques discussed here would first have to program the design
algorithm or adapt an existing algorithm to his particular needs. Then he would still
have to expend a significant amount of computer time to generate one particular solu-
tion, and if he needed to compare several alternative designs, he would have to generate
3
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individual solutions for each. It is apparent that such a procedure could become
both costly and time-consuming and that an alternative method is required.
The method proposed here is to provide the filter designer with a comprehen-
sive set of design curves and tables that will facilitate the design and implemen-
tation of the class of equiripple nonrecursive digital filters discussed by Hofstetter
et al.8 Designs are catalogued both in tabular and graphical form for many standard
filters used in practice. Confronted with the design problem for a generally specified
filter characteristic, the designer may survey the design curves for the solution to his
particular problem. If the filter in question is one of the many explicitly catalogued,
the designer need only retrieve the filter coefficients from the tabular data. If the par-
ticular filter has not been explicitly catalogued the curves and tables may be used to
compare catalogued designs and make reasonable trade-offs to arrive at a compromise
solution. Finally, if none of the catalogued designs are acceptable, the designer may
use the design curves and the general specifications of his filter to obtain the design
parameters necessary for an exact computer solution of his problem.
The Lagrange interpolation method is applicable to the design of generally specified
frequency characteristics including conventional lowpass, highpass, bandpass, and band-
stop filters, as well as to the design of piecewise-constant and some nonpiecewise-
constant frequency characteristics. Throughout this report the discussion is generally
phrased in terms of nonrecursive lowpass digital filters with equiripple band charac-
teristics and linear phase. Sections are included, however, to cover transformations
from the lowpass designs to other types of filters such as highpass designs, and to dis-
cuss filters with nonlinear phase characteristics.
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II. EQUIRIPPLE APPROXIMATION TO IDEAL LOWPASS DESIGN
The frequency response of an ideal lowpass filter is unity in the passband and zero
in the stopband. Because of the sharp step discontinuity and zero transition bandwidth
implied by this characteristic, the ideal filter (shown in Fig. 1)cannot be realized exactly
in practice. Instead, the equiripple approximation (Fig. 2) which provides for an
allowed deviation about one in the passband and about zero in the stopband as well as for
a nonzero transition band, will be realized via a nonrecursive digital filter with linear




















Fk; k= 1, ... , N+1
TBW = IF -Fp
Definition
Transfer function of the linear-phase filter
Transfer function of the zero-phase filter
Normalized frequency = fT
Analog frequency
Sampling interval
Maximum allowable deviation about one in the passband
Maximum allowable deviation about zero in the stopband
Maximum number of passband ripples (including one at F = 0)
.Maximum number of stopband ripples (including one at F= 0.5)
Order of the Lagrange interpolation polynomial
Passband cutoff frequency, at which the frequency character-
istic first leaves the passband
Stopband cutoff frequency, at which the frequency character-
istic enters and remains in the stopband
Extrema frequencies at which ripples achieve their allowed
maximum values
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Fig. 2. Equiripple approximation to ideal lowpass design.
In these terms linear phase, equiripple, nonrecursive digital filters can be described
by a transfer function of the form
N (z N+k+z N-k
H(z) -ZN a kZ N-k) (1)
z k=O
Evaluating the complex variable z at z = exp(j2rF) yields the frequency response
N
H(z) z=ejZTF = H(ej 2 rrF) = exp(-j2TrFN) ak cos ZirFk, (2)
k=O
which can be put in the form
H(e j TF) = exp(-j2rFN) H (F). (3)
With the filter coefficients constrained to be real, the frequency response is composed
of a linear-phase term exp(-j2rFN) and the purely real frequency response Ho(F) of a
zero-phase filter. Since the linear-phase term only introduces a finite delay of N samples
into the filter unit sample response, the design problem becomes one of fitting Ho(F ) ,
a mirror-image polynomial, to the tolerance scheme prescribed in Fig. 2. Since Ho(F)
is a real mirror-image polynomial, its zeros must occur in complex conjugate recip-
rocal pairs on or about the unit circle. (This and other properties of mirror-image
polynomials are presented elsewhere. ) Using Eqs. 2 and 3 it can be seen that
N
Ho(F) = ak cos 2rrFk, (4)
k=O
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which can also be put in the form
N k N
Ho(F) = c Ck(cos ZrrF) = z ckX, (5)
k=O k=O
where x = cos 2TF. As a result, the approximation problem reduces to one of approxi-




III. LAGRANGE INTERPOLATION DESIGN ALGORITHM
The technique used to achieve this trigonometric polynomial approximation to an
ideal lowpass design was proposed by Hofstetter, Oppenheim, and Siegel. 8 ' 9 Given
desired values for N, Np, 6, and 6s, the design algorithm first estimates an initial set
of extremum frequencies F(0); k = 1, 2, ... , N+1 at which the extrema of the desired
frequency response Ho(F) are to be located. It then uses the barycentric form of the
Lagrange interpolation formula to obtain an N th-order polynomial that passes through
the maximum ripple values (1±6p in the passband and ±6s in the stopband) at these
prescribed frequencies. In general, this first Lagrange polynomial will achieve its
extrema at frequencies distinct from the estimated set of original frequencies F( 0 ) andk
additional stages of the algorithm will be required. The second stage of the algorithm
locates the frequencies associated with the extrema of the first Lagrange polynomial
and uses these new frequencies F( ) ; k = 1, 2, ... , N+1 as a revised estimate of the
set of extremum frequencies at which the desired frequency response is to achieve
its maximum ripple values. The cycle is completed when a second Lagrange inter-
polation polynomial is constructed so as to pass through the specified ripple values at
this second set of estimated extremum frequencies. At this point the extremum fre-
quencies Fk 2 ) ; k = 1, 2, .. , N+1 of this second Lagrange polynomial can be located,
and if different from the Fk ) the algorithm can proceed iteratively to the desired
solution.
In practice, the iterations were terminated and the algorithm was determined to
have reached a solution when all of the extremum frequencies F); k = 1, 2, ... ,
k k=, -1)
N+1 at the last iteration were equal to the corresponding set of frequencies F k
k = 1, 2, ... , N+1 used in the previous iteration. A formal mathematical proof of con-
vergence is not available, but in our set of reference designs compiled for more than
500 filters covering a wide range of specified tolerances and including filter responses
as long as 255 samples, we have found that the algorithm converged quite rapidly to
the desired solution in every case.
All of the design solutions tabulated in Appendix A were generated on an IBM 360
computer using a version of the Lagrange interpolation algorithm programmed by Joseph
Siegel (Appendix D). Only minor modifications of the program were made to increase its
efficiency in the design of large sets of filters and to insure convergence for a few
anomalous cases.
Direct use of the design algorithm yields a set of coefficients and a set of extre-
mum frequencies Fk; k = 1, 2, ... , N+1 that completely define the continuous frequency
response Ho(F) of the desired filter through the Lagrange interpolation formula.
Important as these quantities may be, they are not of much practical use to the fil-
ter designer who wants to implement a particular design. For this reason, the filter
unit sample response h(n); n = -N, -N+1, ... , 0, ... , N-i, N is included as part of
the specifications for each tabulated design.
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The actual filter coefficients, the ak of Eq. 4, are easily related to the filter unit
sample response, as we see by noting that if h (n) represents the unit sample response
of the specified zerg-phase filter, then the frequency response can be written
N
H (F)= h (k) e- j 2 Fk
k=-N
(6)
Note that the summation index ranges only over a set of ZN+l values, since ho(k) is
identically zero for Ik > N. Equation 6 can be rewritten
N
H (F) = ho(0 ) + 
0o 0 ~k=l 1
-N
h (k) e- j 21Fk + Z h (k) e-jZFk
0 k=-l
Since ho(n) was specified to be a real and even function,





Ho(F)= ho( ) + 2h (k) cos ZrTFk.
k= 1
We see that Eqs. 9 and 4 are exactly of the same form, and that the filter coefficients
are related to the filter' s unit sample response by the equations
a = h (0)
and (10)
ak = Zho(k); k= 1, Z,...,N.
More generally, it is known that the unit sample response of a nonrecursive digital
filter with duration M samples is related to the M point sequence
H(eTF) I F=n/M;F2F~E=nM n = 0, 1, ... , M-1
formed by sampling the continuous frequency response at a set of M equally spaced
points on the unit circle. In particular, the inverse discrete Fourier transform rela-
tion reveals that the filter unit sample response can be obtained from the calculation
h(n) = 1 H(ej(2 7r k )/M) e+j(2rrkn)/MM k= 0
n= 0, 1, 2,...,M-1.
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specifications, and the unit sample response for each of the tabulated filters was cal-
culated in double-precision arithmetic by a subprogram incorporated in the main
design program. Perhaps it would have been more efficient to evaluate the inverse dis-
crete Fourier transform by means of the fast Fourier transform (FFT) algorithm, but for
most of the catalogued filters the saving in computer time would have been insignificant.
The subprogram DFT (discrete Fourier transform) essentially requires N arithmetic
operations to specify a unit sample response, while the FFT requires approximately
M log 2 M operations, where M is the next largest power of 2 above 2N+1. Con-
sidering M= 2N and N= 128, we find in this case that the DFT requires approximately
16, 000 operations and the FFT approximately 2000. With each operation performed
in 10 - 5 s, use of the FFT would result in a saving of -0. 14 s. Also, since the most
readily available form of the FFT was implemented only in single-precision arith-
metic, we decided to use the subprogram DFT.
Although all of the designs that are catalogued are of the lowpass variety, the algo-
rithm as programmed is capable of designing bandpass as well as lowpass filters
and, through simple transformations, is also applicable to bandstop and highpass filter
design. Furthermore, as explained elsewhere, the Lagrange interpolation method
is amenable to the design of filters with more generally specified frequency char-
acteristics, including lowpass and frequency-selective differentiators, as well as fil-
ters with piecewise-constant characteristics.
4
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IV. FILTER SPECIFICATION AND RANGE OF PARAMETERS
Use of the Lagrange interpolation design algorithm requires the initial specification
of the parameters and 6 , as well as any two of the three parameters N, N p, or N p s p s
The resulting design has a frequency characteristic with Np passband ripples, each
achieving a maximum value of 1 + 6 p, N stopband ripples of maximum height ± bs andp s s
certain cutoff frequencies Fp and F s. An important consequence of this specification is
that neither the passband cutoff frequency Fp nor the stopband cutoff frequency Fs can be
initially prescribed. As a result with fixed-order (2N+1), fixed 6p, and fixed 6 , there
are only N unique values that Np can assume. Since a unique value of Np implies a unique
pair of cutoff frequencies, Fp and F s , there are, under these constraints, only N different
filters available. In order to cover a broader range of possible cutoff frequencies it is
necessary to vary one, or any combination, of the other filter parameters N, 6 , and
6s. The value of the parameter N can range over the set of positive integers, while
the parameters 6 and 6 can assume a continuum of possible values. Hence, although
p s
it is not possible to prescribe the desired cutoff frequencies in advance, in practice any
pair of frequencies can be obtained by proper specification of the other filter param-
eters. Significantly, the lowpass-lowpass transformation used to obtain any desired
cutoff frequency for recursive filters is not applicable here, since it introduces poles
into the filter transfer function and distorts the phase characteristic.
In compiling the set of reference designs presented in Appendix A there were two
broad objectives. First, we wanted to cover as wide a range of design specifications
as possible so that many of the standard filters used in practice could be incorporated
in the tables and so that the validity of the design algorithm could be tested. Second,
we wished to vary the various filter parameters in increments small enough that there
would be no large gaps in the data presented. Given a fixed amount of computer time
with which to fulfill these objectives, it is apparent that they presented conflicting goals.
Nevertheless, guided by previously tabulated analog filter designs, intuition, and pre-
liminary research data, a choice was made as to the range of values of the design
parameters.
The parameter N was allowed to assume the values 5, 7, 10, 15, 31, 63, and 127,
corresponding to filter orders of 11, 15, 21, 31, 63, 127, and 255. Note that for the higher
order filters the length of the unit sample response (2N+1)was chosen as the next lowest
integer to a power of 2. This choice of values facilitates the implementation of these
filters when realized by the fast Fourier transform or when used as finite duration-
time windows for spectral analysis and estimation. Proportionally fewer high-order
filters were included in the tables because they required significantly more computer
time than low-order solutions. It would be totally inaccurate to conclude from the
selected list of values that the design algorithm failed to converge for the high-order
cases. In fact, it converged quite rapidly, within 7 iterations, for filters of order 255,
and there is no indication that it cannot handle filters of even higher order.
11
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As previously mentioned, with the filter order fixed at a particular value there are
exactly N unique values N can assume. For the low-order filters (N 10) N was
P P
allowed to take on all of its possible values. To economize on costs, however, for values
of N larger than 10, Np was restricted in the values that it could assume. In particular,
for all but the very highest order cases, Np was restricted to a set of 6 possible values
chosen so that an approximately uniform increment in Fp resulted.
The two parameters 6p and 6s, which define the maximum ripple heights, can assume
a continuum of possible values. Clearly, it was impossible to present filters for every
value of 6 or 6 and thus it was necessary to choose a few practical values for repre-
sentation. Previous designs, both analog 1 1 and digital, 4 indicate that the passband
ripple specification 6p is less critical than the stopband ripple specification. Thus for
the major part of the tabulations 6p was allowed to vary over a set of only three possible
values 0. 01, 0. 0031623, or 0. 001 which correspond to allowed deviations about unity of
1%, 0. 31623%, and 0. 1%. Although the second value may appear awkward to specify,
this value is necessary to complete a class of filter specifications not explicitly repre-
sented in the tables. This will be explained in Section VII. For the high-order cases
(N=63 and N= 127) 6 was restricted to either of two values 0.01 or 0.001. Similarly,
for most of the designs 6 was allowed to range over the set of 5 values 0.01, 0.0031623,
0.001, 0.00031623, and 0.0001 corresponding to stopband attenuations of -40 dB,
-50 dB, -60 dB, -70 dB, and -80 dB. For the high-order cases it too was limited in
its range to values of 0.01, 0.001 or 0.0001.
The resulting filter designs exhibit normalized cutoff frequencies that vary in the
passband from 0.00268 to 0.41665. and in the stopband from 0.06963 to 0.49917.
The resulting range of transition bandwidths is from 0.01003 to 0. 30236, and is an
extremely sensitive function of the filter order.
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V. LAYOUT OF DESIGN TABLES AND DESIGN CURVES
A listing of all tabulated designs is presented in Appendix A. Each numbered entry
represents a unique design which is specified in terms of the four initially prescribed
filter parameters, the two cutoff frequencies, and the resulting transition bandwidth.
For example, filter 304 is presented as
No. N NP DELTAP DELTAS FP FS TBW
304. 15 7 0. 01 0. 01 0. 18552 0. 24906 0. 06353
The use of a unique call number for each filter permits the data to be easily retrieved
from the tables.
The order in which the filters are presented has been chosen to aid the filter
designer in locating a desired specification. Within the class of filters of a par-
ticular order, the initial grouping has N, Np, and 6p fixed at their minimum values.
6 is then allowed to range in decreasing order over its set of prescribed values.
In the next grouping N and Np remain unchanged while 6P is incremented to the next
largest value and 6s is again allowed to range over its possible values in decreasing
order. This routine continues in exactly the same manner until 6 has assumed its largest
possible value. At this point Np is incremented to a successively larger value and
the entire process is repeated, first with 6s decreasingly ranged, and then 6p increas-
ingly ranged. The final stage of variation occurs after this last step has been com-
pleted for the largest prescribed value of Np within the class. When this has occurred
the class of filters of that particular order has been exhausted and it is necessary
to increment the value of N before proceeding further.
The tabulated designs have been presented in this manner to achieve a consis-
tent progression of the filter cutoff frequencies. In particular, for filters of a spec-
ified order, examination of the columns headed Fp and Fs reveals that the passband
cutoff frequency consistently increases as one reads down successive lines of a page,
and that the stopband cutoff frequency consistently increases over the ranges where
N, N , and 6 are constant. This arrangement should assist the filter designer, faced
P P
with a specification prescribing one or both of the cutoff frequencies, to find a solu-
tion to his problem.
Note that there are two main listings within Appendix A. The first includes filters
1-442 and is the main body of the catalogued reference designs. It represents designs
that fall within the parameter ranges discussed above. A set of design curves to be
used in conjunction with this listing is presented in Appendix B. In order to preserve
the continuity of the tables it was necessary to include a second listing which presents
filter designs 443-535. For the most part these designs were tabulated in the early
stages of this research and were generated to verify the initial results and provide guid-
ance, rather than to be an integral part of the finished tables. For this reason,
13
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there are no design curves corresponding to these filters and it may seem that they
have been tabulated with no consistent pattern in mind.
The design curves in Appendix B were derived from the main body of reference
designs 1-442. The range of filter parameters covered by these curves is exactly
the same as that covered by the tables, but the data are arranged somewhat dif-
ferently. Specifically, these curves were included to provide the filter designer with
first-order information about how the two cutoff frequencies vary with the ripple
heights and the parameter Np . For each class of filters of a particular order essen-
tially four different sets of design curves are presented. The first two sets present
plots of F and F vs 6 with fixed parameters N and 6 s The second two sets showp s p s
how F and F vary with 6 while N and 6 are held constant. Within each set of
p s s p
curves Np is a parameter that is allowed to range over all of its prescribed values.
The arrangement of these curves within Appendix B is as follows. Initially the
curves are grouped according to filter order. That is, all design curves with N = 5
are presented first; next curves with N = 7 are displayed, and so on until curves
for the largest value of N have been presented. Within each grouping of a constant
N value the curves are arranged so that first plots of F and F vs 6S are pre-
p s s
sented with 6 fixed at its smallest value. Similar sets of curves are then pre-
P
sented with 6p increasingly incremented. After 6p has assumed all of its prescribed
values, plots of Fp and F vs 6p are presented with 6s fixed at progressively smaller
values. This arrangement, like that of the tables, provides a certain degree of con-
sistency in the variation of the cutoff frequencies within each grouping of curves, and
hence enables the designer to solve his design problem more easily than would other-
wise be possible.
Observation of a particular set of design curves, say, Fig. B-15a and B-15b, reveals
that the parameters actually plotted, with the exception of Np, are the negative base 10
logarithms of those mentioned above. The reason for this is twofold. First, we
wanted to cover a large range of parameter values in a fairly precise manner and the
logarithmic scales made this possible. Second, we found that the design curves
when plotted on logarithmic scales exhibited essentially linear relations over many
of the prescribed parameter ranges. As a result, at least to a first approxima-
tion, a linear interpolation can be used between points on the curves to obtain a
design not explicitly catalogued.
Thus far the designs tabulated in Appendix A and displayed in Appendix B have
been specified only in terms of the four design parameters N, p, 6p, 6s, and the
two resulting cutoff frequencies F and F. For the designer wishing to imple- A
P 5
ment a particular design, a further specification, in terms of the filter unit
sample response, is needed. Appendix C presents the unit sample response for
each of the filters listed in Appendix A. Each filter is referenced by the same
call number in both appendices. The unit sample response of the zero-phase
filter, which is an even function of length 2N+1 samples, can be completely
14
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specified by N+1 appropriate values. Specifically, this unit sample response ho(n)
has been tabulated for n = 0, 1, 2, ... , N. Because h(n) = h(-n); n = 1, 2, ... , N and
because the unit sample response h(n) of the linear phase filter is just that of the zero-
phase filter delayed by N samples it can be found directly from h (n) as
h(n) = h(n-N) n = 0, 1, ... , N. (12)
Thus the information in Appendices A-C serves to specify completely all of the tabu-
lated designs.
It will become evident from examination of the design curves and tables that only
filters with 6p 6 have been tabulated, and that with 6p = 6 designs were presented
only for values of Np , Ns. The reason for this is that the reciprocal sets of filters
can easily be derived from those already tabulated by simple transformations that will
be described in Section VII.
15
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VI. FORMULAS FOR ESTIMATING DESIGN PARAMETERS
Before discussing how the design curves and tables can be applied in practice it will
be helpful to present a few approximate relations that will facilitate their use. The
tabulated designs are uniquely specified by the four parameters N, Np, 6p, and 6s .
If the designer can formulate his problem in terms of these specifications he will
be able to retrieve the solution from the tables and curves in a straightforward
manner. The design problem, however, is usually phrased in terms of Fp, Fs, 6p,
and 6s, or in terms of one of the cutoff frequencies, say Fp, the maximum transi-
tion bandwidth allowed, and 6p and 6 . In either case the designer must determine
appropriate values of N and Np to arrive at a particular solution. Although the
design curves and tables have been arranged to facilitate this procedure, it would
be unnecessarily tedious to have to sort through the complete set of tabulated designs
to arrive at one solution. What is needed is a set of simple, approximate expressions that
relate the parameters N and Np to the others mentioned. By using these expressions,
the designer can more readily decide just where in the set of design curves he
should begin searching for a solution. Formulas 13 and 14, although yielding only rough
estimates, have been found to be quite useful in this respect.
Herrmann 6 has found the standard figure of merit D(N, Np, 6p, 6s ) = 2N(Fs-F p ) to
be essentially independent of N and Np for values of N a 15. He has defined the quantity
Do(6 p 6s) for n ~ 15, and has empirically determined that
Do(6p, 6) = ZN(FS-Fp) 0. 55 (+log 1 0 6p) log1 0 6 + 0. 9 log1 0 + 2. 7. (13)







VII. USE OF DESIGN CURVES AND TABLES
The best way to 'illustrate how a designer might go about using the tables and
curves in Appendices A-C is to present examples of solutions for a few typical
designs.
7. 1 LOWPASS-FILTER DESIGN
Example 1
Consider the design of a linear-phase, equiripple, nonrecursive digital filter spec-
ified to have a magnitude frequency response that is flat to within 1% of unity for all
frequencies up to 0.193 and that has a stopband attenuation of at least -55 dB for frequen-
cies beyond 0. 360. First, note that the frequencies must be specified in terms of the
normalized frequency variable F. If f represents the analog frequency, and T is the
sampling period, then
F = fT. (15)
Once the frequencies have been properly prescribed, the other specifications must
be transcribed into the terminology used in the tables. For Example 1 they become F =
P
0. 193, F = 0. 360, = 0.01, and = 0.001. Since no -55 dB filters were tabulated,
s p s
we decided to use a design with a -60 dB stopband attenuation. Use of the design curves
requires the additional conversion of some of these parameters into their base 10 log-
arithms. The resulting specifications are -log 10 F = 0.714, -log 10 F = 0.444,
-logl0 bp = 2, and -log0 6s = 3.
The next step is to use Eqs. 13 and 14 to see where in the set of design curves the
solution might be located. From Eq. 13 the value of N is estimated as approxi-
mately 7. 5. The nearest value for which designs have been tabulated is N = 7. Using
N = 7 in Eq. 14 results in an estimated N of 4. 6. We then restrict our attention to the
P
subset of design curves, Fig. B-11, in which N = 7 and = 0. 01, or to the subset,
P
Fig. B-14, in which N = 7 and s = 0. 001. The solution is seen to lie on the curves with
N = 4. Specifically, one of the tabulated designs, denoted on the curves by · and A
P
points, fits the specifications almost exactly.
The four parameters sufficient to uniquely specify this tabulated design are N = 7,
N = 4, = 0.01, and = 0. 001. By using these four specifications, the exact design
p p s
solution may be found listed in Appendix A as filter 100, with cutoff frequencies F =
P
0. 19304, F = 0. 36032, and a transition bandwidth TBW = 0. 16728. To complete the
s
solution of this design problem, it is only necessary for the designer to locate the zero-
phase filter unit sample response referenced under No. 100 in Appendix C and use
Eq. 12 to transform it into the unit sample response of a linear phase filter. It can be
verified from the design curves that this solution represents the lowest order solution
tabulated for the desired specifications.
17
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Example 1 was somewhat oversimplified because the original specifications were
chosen to match a tabulated design and hence to yield a straightforward solution of the
problem. If a designer is faced with an initial specification of the two ripple tolerances
6 and 6s, the passband cutoff frequency F , and the maximum allowable transition
bandwidth TBWma x , all randomly prescribed, there is no guarantee that a unique design
can be found from these tables. It may be necessary to make tradeoffs between several
tabulated designs to arrive at a compromise solution. Alternatively, if none of the
catalogued designs are acceptable, the designer could use the design curves, tables, and
the initial filter specifications to arrive at a set of suitable design parameters that would
yield a computer solution to his problem. Most of these concepts are illustrated in
Example 2.
Example 2
Consider the design of a nonrecursive, linear-phase, equiripple lowpass digital
filter specified to have a maximum allowable passband ripple of 1% about unity out to
a passband cutoff frequency of 0.1140. The stopband attenuation is prescribed to be at
least -60 dB, and the transition bandwidth must be 0. 0475 or less. With these specifi-
cations, it is understood that the lowest order filter satisfying these tolerances will be
the accepted solution. The design specifications of interest are the following.
F = 0. 1140, -logl 1 0 F =0. 9431p P
Fs ~0. 1615, -log1 0 Fs 0.7918
6p 6.01I, -log1 0 6 p 2.0p p
6s 0.001, -logo1 0 6s >3.0
Since a fairly narrow transition band has been specified, it is expected that the
design solution will be of a relatively high order. By using Eq. 13, the parameter N
is estimated as approximately 27. The nearest value of N for which designs have been
tabulated is N = 3 1. Also, with N = 3 1, Eq. 14 estimates Np as approximately equal to 8.
If we turn to Appendix B and locate Fig. B-36, with fixed parameters N = 31 and 6 =
P
0. 01, we find that a solution does indeed exist along the curves labeled Np = 8. None
of the tabulated designs exactly fits the specifications, however. The designer must
now choose one of the closest tabulated solutions or use the curves to predict the param-
eters that are necessary for a computer solution. The alternatives evident from these
curves are listed below as filter 356, or 357 (Appendix A).
Filter No. N N 6 6 F F TBWp p 5 p s
356 31 8 0.01 0.001 0. 11226 0. 15363 0.04137
357 31 8 0.01 0.00031623 0. 11496 0. 16137 0.04640
18
Notice that filter 356 achieves all of the desired specifications except for F and that
filter 357 achieves the specified Fp much more closely but has a stopband attenuation
of -70 dB. The designer would probably settle for one of these designs, but if he
required Fp to be obtained more exactly, he could use the design curves to obtain the
necessary design specifications. Specifically, from Fig. B-36a it is found that the value
of necessary to achieve an F = 0. 114 with N = 31, N = 8 and = 0.01 is =
-3 p p p s 6
0. 5624 X 10 . The resulting values for F and TBW may be found from Fig. B-36b
s
to be F s = 0. 1560 and TBW = 0. 0420. Hence the computer solution could be specified
in terms of N = 31, N = 8, = 0.01 and = 0.0005624.
p p s
All of the designer's alternatives have not yet been exhausted. Additional designs
that fit the desired specifications can be found from Fig. B-40 where the fixed param-
eters are N = 31 and s = 0. 00031623. In particular, the curves in which N = 8 indicate
s p
that a solution exists for the specified F p, with 6 p= 0.008890, Fs = 0. 1605, and TBW =
0. 0465. Hence a second computer solution exists with specifications N = 31, N = 8,
p6 = 0. 008890, and s = 0. 00031623. Still other possible solutions could be found byp s
looking within the same set of curves at subsets where 6p and s assume other satisfac-
tory values. Since the procedure has already been thoroughly demonstrated, these
solutions will not be found explicitly. The remaining filter specification, which is the
unit sample response, can be found from Eq. 12 and Appendix C if the designer accepts
one of the tabulated filters or from the computer solution if he does not.
7.2 DESIGN OF FILTERS DERIVABLE FROM LISTINGS
As we have mentioned, designs have been tabulated only for values of 6p > 6 . We
shall now present a method by which the reciprocal designs, 6p < s, can be obtained.
Consider the zero-phase, equiripple lowpass characteristic presented in Fig. 3. It is
prescribed to have certain design parameters Np, Ns, p , and s, as well as a pair of
cutoff frequencies F and F s. In terms of the filter unit sample response h (k), the
characteristic is defined as
N
Ho(F) = ho(k) e- j Fk (16)
k=-N
In Fig. 4 a new frequency characteristic H(F) is formed by subtracting Ho(F) from
unity. This new characteristic is a highpass design defined by
H' (F) = 1 - Ho(F)
and (17)
N
Ho(F) = hho(k) eZFk,
t k= -N h
where the new unit sample response hho(k) is related to h (k) by
19











h (k) -J 2 rrFk
0
Ikl> N










6hs=6p 8 hp=8 s
Shs > hp
- ho(O) k=r
hho(k)= h (k) kO0-ok) LC




















k = -N ... , N; kS 0
The final construction is shown in Fig. 5 where a third frequency characteristic
H"(F) is formed by rotating H'(F) through a frequency shift AF = 0. 5. Since a fre-
0 0
quency shift of AF corresponds to multiplication of the unit sample response by a factor
e 2 T F k , the new characteristic can be described by
N
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Observation of Figs. 5 and 3 yields the desired results. Figure 5 represents a zero-
phase, equiripple, lowpass characteristic, but the new filter parameters N", N",
p s
6", 6", F", and F" are different from those of Fig. 3. Specifically, it is found that they
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N" = N N" =Np (21)p s s p
6" 6 6 =6 (22)p s p
F" = 0. 5 - Fs, F" = 0. 5 - F . (23)p s p
From Eqs. 20 and 18 the unit sample response corresponding to the characteristic of
Fig. 5 is related to that of Fig. 3 by
1 - ho(0) k = 0




Equations 21-24 enable the designer to obtain solutions for values of 6" < 6" from values
p s
already tabulated. A specific example will serve to illustrate the concepts.
Example 3
Consider the design of an eleventh-order (N=5) linear-phase, equiripple, nonrecur-
sive, lowpass digital filter with the specifications N" = 4, N" = 2, 6" = 0. 001, and 6" =
p s p s
0.01. Since 6" < 6"s', it is necessary to use the procedure just outlined. Equations 21
p s
and 22 give the specifications of the reciprocal filter as Np = 2, Ns = 4, 6 = 0.01, and 6 
0.001. This filter, referenced as No. 22 in Appendix A, has cutoff frequencies Fp= 0.08568,
and F s = 0.30889 which result in a transition bandwidth of TBW= 0.22321. Its unit sample
response is found from Appendix C to be ho(0)=0.360960841, ho(1) =0.275038898, ho(2) =
0. 101413727, ho(3) = -0. 015755489, ho(4) = -0. 034144104, ho(5) = -0. 012033358, and
ho(k) = ho(-k); k = 1, 2, .... 5. By usingthese results and Eqs. 23 and 24, the solution to
the design problem is a filter specified as N" = 4, N" = 2, 6" = 0.001, 5" = 0.01 with cut-
p s p s
off frequencies F" = 0. 19111, F" = 0.41432, the same transition bandwidth as before, andp s
a unit sample response of h"(0) = 0.639039159, h"(l)=0.275038898, h"(2) = -0. 101413727,
h"(3) =-0.015755489, h(4) =0.034144104, h"(5) =-0.012033358, and h"(k)=h"(-k); k = 1,
o 0 0 0 0
2, ... , 5. This unit sample response can again be shifted by Eq. 12 to obtain a linear-
phase filter.
It is now evident why it was necessary to tabulate designs only for values of Np -< Ns
when the parameters 6p and 6s were prescribed as equal. Designs with Np > Ns and 6 =
s can be obtained from the tabulated filters exactly as in this example.
7.3 HIGHPASS FILTER DESIGN
The frequency response of an ideal highpass filter is shown in Fig. 6 to be zero in
22
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the stopband and unity in the passband. As in the case of a lowpass design, this ideal
characteristic is not realizable in practice. An equiripple approximation to this high-






Fig. 6. Ideal highpass filter frequency response.
the two ripple heights, 6hs in the stopband and 6 hp in the passband; Nhs, the number
of stopband ripples; Nhp, the number of passband ripples; Fhs, the stopband cutoff fre-
quency; and Fhp, the passband cutoff frequency. Again N = Nhp + Nhs - 1, since the
ripples at F = 0.0 and F = 0. 5 are included in the specifications.
Each of the lowpass designs in Appendix A can be transformed into two highpass
designs of the same order that retain their equiripple characteristics and linear phase.
Consider again the zero-phase, equiripple, lowpass characteristic of Fig. 3. The per-
tinent specifications are Np, N s I p 6s I Fp, F s, and the unit sample response h (k),
k = -N . .. , 0 . . .,N. One procedure (method 1) by which this characteristic can be
transformed to a highpass design has been demonstrated in conjunction with Fig. 4. The
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Fig. 8. Rotated equiripple highpass filter frequency response.
by Eq. 17 and the highpass design specifications are found from the lowpass specifi-
cations to be
hs p'





F = Fhp s
Nhp = N
6hp = s
that method 1 is applicable only for values of 6hs > 6hp, since designs
tabulated only for values of 6 > 6 . As before, it can be verified that theis found from that of the lowpass filter by
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Another way (method 2) by which a tabulated lowpass design can be transformed into
a highpass filter is demonstrated in Fig. 8 where the lowpass characteristic of Fig. 3
has been rotated through a frequency shift AF = 0. 5. The resulting highpass charac-






Fh =0.5 - F s Fhp = 0.5 - F (29)
Nh =N N = N (30)hs ' hp p
6 hs s' hp 6p (31)
and has a unit sample response hho(k) which is obtained from ho(k) as
(-1)k ho(k) Ikl N
hho(k) = kl > N (32)
Again, since lowpass designs have been tabulated only for 6p > 6s, method 2 is applicable
only when 6hp > 6hs. Another example will demonstrate the pertinent concepts.
Example 4
Consider the design of an 11 -order, linear-phase, equiripple, nonrecursive
highpass digital filter specified to have a magnitude frequency response with a stopband
attenuation of at least -60 dB out to Fhs = 0. 112, and which is flat to within 1% of unity
beyond Fhp = 0.331. For this case, 6hs =0.001, hp = 0.01, and bhp > 6hs' so that
method 2 can be used.
The first step in the solution of the problem is to translate these highpass specifi-
cations into an appropriate lowpass design so that the design curves and tables of Appen-
dices A-C can be used. The resulting lowpass specifications found through Eqs. 29-31
are N = 5, 6 = 0.01, = 0.001, F = 0. 169, and F = 0. 388. By using Eq. 14, we
p s p s
estimate the parameter Np to be approximately 3.6. The next step is to locate the spe-
cified lowpass design on the design curves of Appendix B. In particular, Fig. B-3
reveals that the solution lies on the curves with N = 3, and that one of the tabulated
P
filters meets the specifications almost exactly. This filter, No. 34 in Appendix A, has
design parameters N = 5, N = 3, 6 = 0.01, 6 = 0. 001, F =0.16920, and F =0.38818.
Transformation of these statistics back to the corresponding highpass design by
Eqs. 29-31 yields a final design solution with parameters N, 6hp, and 6hs exactly as
specified, and cutoff frequencies Fhs = 0. 11182 and Fhp = 0. 33080. The unit sample
response corresponding to this zero-phase highpass solution is found from Eq. 32 and
filter No. 34 listing in Appendix C to be hho(0)=0.528105617, hho(l) = -0. 302931309,
hho(2) = -0.0Z2480451, hho(3 ) = 0.067077279, hho(4 ) = 0.010677606, hho(5) = -0.0168957 19,
and hho(-k) =hho(k); k= 1, 2, ... , 5. Again, the unit sample response hh(k); k=0, 1, ....
2N associated with the corresponding linear-phase highpass filter can be found from
hh(k) = hho(k-N); k = 0, 1, 2N. (33)
In this example the original highpass specifications were chosen so that a solution
followed in a straightforward manner. If they had not been so chosen; that is, if they
25
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had been less complete or if they had been such that the derived lowpass specifications
could not have been exactly satisfied by any of the tabulated designs, a solution could
nevertheless have been found. By using the derived lowpass specifications, the designer,
in this case, could have followed the procedures outlined in Example 2 to arrive at a
compromise solution employing one of the explicitly tabulated filters. Alternatively, he
could have obtained the parameters necessary for a computer solution of the problem.
7.4 NONLINEAR-PHASE FILTER DESIGN
Herrmann and Schuessler have presented a method by which equiripple, nonrecur-
sive digital filters with linear phase can be transformed into minimum-phase filters
which retain their equiripple band characteristics. This method begins with the transfer
function of the linear phase filter H(z) as expressed in Eqs. 1-3. Then a new trans-
fer function H1 (z) is defined through the relations
H 1 (z) = H(z) + (34)s N'
z
JH 1 (F) I = H(F)+ 6s , (35)
and is seen to be strictly non-negative. Because the zero locations of the mirror-image
polynomial Ho(F) occur in complex conjugate, reciprocal pairs, this new magnitude func-
tion H 1 (F) can be recognized as a square. The minimum-phase transfer function is
obtained by choosing all of the zeros of H1 (z) inside the unit circle, half of the poles of
H 1 (z) at the origin, and a simple zero at the points on the unit circle where H 1 (z) has
double zeros. This construction beginning with a linear-phase filter of order 2N+l yields
a resulting design of order N+l. More generally, this procedure is amenable to the
design of filters with other types of phase characteristics. Rather than choosing
the zeros as above, proper factoring of the transfer function H(z) can yield
a number of possible squared magnitude functions, and hence a number of different
phase responses. As a practical matter, however, this method requires finding the
zero locations of an N th-order polynomial, and hence is restricted to designs of rela-
tively low-order filters.
7. 5 INTERPOLATION ON THE DESIGN CURVES
As demonstrated in Example 2, the design curves of Appendix B can be used to
estimate the design parameters of a filter that has not been explicitly tabulated and
whose solution requires a computer implementation of the design algorithm. Observa- *
tion of the curves, especially for values of N ~ 15, reveals that they are approximately
linear over most parameter ranges of interest, and suggests an alternative procedure
for estimating the design parameters of filters that are not listed in the tables. In par-
ticular, points on the curves between adjacent catalogued solutions can be found by using
a linear interpolation of the form
26
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log 1 0 Fi = A log 1 0 j + B, (36)
where the subscripts i and j assume the values p or s depending on the design curve
in question, and the constants A and B are determined from the known values of F. and
1
6j at two adjacent design points.
To demonstrate this procedure, consider the design problem posed in Example 2.
The pertinent design specifications are Fp = 0. 1140, F - 0. 1615, 6 - 0.01, and 6 
0. 001. We found in this example that none of the tabulated designs met the original spec-
ifications exactly. Let us assume that the alternative designs presented were there-
fore unacceptable, and use Eq. 36 to estimate the parameters of a computer solution.
Figure B-40 with N = 31, 6 = 0. 00031623, and N = 8 reveals that the desired design
s p
falls between tabulated filters No. 352 and No. 357. By using the values of F and 6
listed for these filters in Appendix A, the constants of Eq. 36 are found to be A =
0. 06550 and B = -0. 80845. Next, using these values and the original specification of
F = 0. 1140 in Eq. 36, we can solve for the necessary value of the parameter 6p . We
find that 6 = 0. 008796 and that the computer solution can be specified in terms ofP
the parameters N = 31, N = 8, 6 = 0. 008796, and 6 = 0.00031623.
p p s
For the cases that we have tested, use of Eq. 36, in conjunction with specifications
derived from the listings in Appendix A, has resulted in estimates of the logarithm of
an unknown parameter accurate to approximately ±0. 0005. To see what this means in
terms of the parameter itself, let F be the precise value of the unknown parameter, and
A P
F be the estimated value. Then in terms of log1 0 F Eq. 36 yields an estimate,P A P
log1 0 F , which is accurate to 0.0005. That is,
log1 0 F = log1 0 (Fp) 5 X 10 (37)
or
-4
F = 1 0 ± F . (38)P P
But for small values of x, 1 0 ±x 1 x in 10, so that
A-4
F - F (1±11. 5X 10-4). (39)
P P
Thus, by using Eq. 36, the estimated value of the unknown parameter has been found
to be within 0. 0012 of its actual value.
It should be mentioned that this degree of accuracy can be obtained with Eq. 36 only
when the desired solution lies on the most linear parts of the design curves. Specifically,
it can be readily observed that the linearity of the design curves is much better for plots
of -log1 0 Fp and -log1 0 F vs V-log1 0 6p than it is for plots of these parameters against
-log1 0 6s. It is also apparent that the curves are most linear for large values of Np and
N and for small values of 6 and 6
p s
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VIII. CONCLUSION
There are at least six filter specifications of direct interest to the filter designer.
These are the four design parameters N, Np, 6p, and 6s that uniquely define a tab-
ulated solution and the resulting two cutoff frequencies F and F . Faced with so manyp s
variables in a design problem, it is not easy for a designer to predict the effect of
changing one or several of the specifications. In correlating the raw data collected
for this report, we observed several modes of parameter variations that may be
of use to the prospective filter designer. Although these results are not hard-and-
fast rules that strictly apply in every case, they do provide the designer with sev-
eral useful rules of thumb that will better enable him to develop a feeling for predicting
the effects of certain parameter changes.
It has been found that with the parameters N, Np, and 6s fixed at constant values,
as 6 is allowed to increase both of the cutoff frequencies F and F increase also.
p p s
As may be expected, Fp is more sensitive to changes in 6p than is Fs, and there-
fore it increases at a faster rate. The net effect of increasing 6 under these con-
P
ditions is an increase in both cutoff frequencies and a slight decrease in transition
bandwidth. Similarly, with the parameters N, Np, and 6p held constant both cutoff fre-
quencies F and F decrease as 6s is allowed to assume larger values. In this case
p s s
F s is the more sensitive function and the net result of increasing 6s under this sec-
ond set of conditions is a decrease in both cutoff frequencies, as well as in the transi-
tion bandwidth. Finally, it has been found that with the parameters 6 and 6 fixed and
p s
the ratio Np/N held approximately constant as N is allowed to increase, the passband
cutoff frequency increases, while the stopband cutoff frequency decreases. The result
is that a significant decrease in transition bandwidth can be effected by suitably
increasingthe filter order. More specifically, under this last set of conditions we
observed that doubling the value of the parameter N while keeping the ratio
Np/N constant resulted in approximately halving the transition bandwidth of the
filter.
It is appropriate to mention two points that have not been touched upon. The
first is that there has been no attempt in this report to derive a set of relations
by which the unit sample response of a desired filter could be obtained as an inter-
polation on the unit sample response of a tabulated design. Although one would expect
that such a set of relations may exist, the change in a filter unit sample response
now seems to be a complicated function of the change in filter specifications. The
second point concerns the effects of finite register length and coefficient inaccuracies.
For all of the tabulated designs the unit sample response coefficients have been
carried out to 9 decimal places in Appendix C. When a filter is practically real-
ized, however, the computations may be made on a computer with a smaller word length
or with special-purpose hardware that places a premium on the coefficient word
length. As a result, filter coefficients will be rounded off and some change in the
28
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filter shape will occur. Preliminary results for a few low-order filters where the unit
sample response coefficients were rounded off to a prescribed number of bits indicate
that at least 14 and preferably 16 bits are needed to preserve the equiripple filter char-
acteristics.
29
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APPENDIX A
Design Tables
Lists of 535 lowpass-filter designs have been tabulated in this report. Each
design is referenced by a unique number, and is specified by the four required design
parameters N, Np, 6p and 6 s , as well as the two resulting cutoff frequencies Fp and Fs,



















































































































































































































































































































__ I__~~UICI··_II 1_1__1_111__1_1___41____·I~ ------
DELTAS FP FS TBW
DELTAS FP FS
5 5 0.01000000 0.00316230 0.33864
5 5 0.01C0000 0.001C00OOO0 0.3387C
5 5 0.01000000 0.00031623 0.33871
5 5 C.01C00000 0.00010000 0.33E72
7 1 0.001CO0 0.00100000 0.C375
7 1 0.00100000 0.00031623 O.OC4CO
7 1 O.ClC0000 0.000100CO 0.OC414
7 1 0.00316230 0.00316230 0.0C027
7 1 0.00316230 0.00100000 0.OC669
7 1 0.00316230 0.00031623 0.007C6
7 1 0.00316230 0.00010000 0.0C739
7 1 C.01CC000O0 0.0100000 0.01020
7 1 0.01CC0000 0.0031623C 0.01116
7 1 0.01000000 0.00100000 0.01194
7 1 0.01CCOOOO 0.0C031623 0.01264
7 1 0.01000000 0.00010000 0.01327
7 2 0.001CO000 0.00100000 0.03616
7 2 0,001C0000 '0.00031623 0.03745
7 2 0.001COOO000 0.00010000 0.03E59
7 2 0.00316230 0.00316230 0.04607
7 2 0.0031623C 0.001C000 0.04E21
7 2 0.00316230 0.00031623 0.04S95
7 2 0.OC316230 0O.C100CC 0.05152
7 2 0.010C0000 0.01000000 0.05E06
7 2 0.010C0000 0.00316230 0.06141
7 2 0.01CCOOO0000 0.001C00000 0.06422
7 2 O.OI0CC0000 0.00031623 0.06661
7 2 C.01CCOOO0 0.00010000 0.06858
7 3 0.OCC0000OO 0.0010000C 0.0755
7 3 0.0010000 0.00031623 0.08q67
7 3 O.OCICOOOO 0.OCC10000 0.09145
7 3 0.00316230 0.00316230 0.10275
7 3 0.00316230 0.00100000 0,.10587
7 3 0.00316230 0.00031623 0.10843
7 3 0.00316230 0.000100C0 0.11C51
7 3 0.010CO000 0.01000000 0,11947
7 3 O.010C0000 0.00316230 0.12414
7 3 0.01000000 0.00100000 0,.12791
7 3 C.010C0000 0.00031623 C.13CC7
7 3 0.010C0000 0.00010000 . 13343
7 4 0.001C0000 0.00100000 0.14612
7 4 0.001CO000 0.00031623 0.14825
7 4 0.001cooo0 O .0001000C 0.14S90
7 4 0.00316230 0.00316230 0.16483
7 4 0.00316230 0.00100OCC 0.168C2
7 4 0.00316230 0.00031623 0.17C45
7 4 0.00316230 0.OCC10000 0.17232
7 4 0.010CO000 0.01000000 0.18465
7 4 0.01000000 0.00316230 0.18941
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I X II · I____________L__I__·_1_·11 (I_---1IIII_·-·I^-·II -^ ·^ I-I1 IIII X--- ·- ·-I I_
DELIAS FP FS TRW













































































































































































































































































































DELTAS FP FS TBW














































































































































































































































































































_ ____ _ L _ I 1_1 · LYI------I__
DELTAS FF FS TBW
NJ. N NP OcLTAP
IC 5 C.01000000
10 9 0.O1CCOOOO










15 2 O.001O 0
15 2 0.00316230
15 2 0.00316230






1, 3 03 .00 316230
15 3 C.01¢C0000
15 '1 O.OCICOOOO
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10 S C.OCCOOOO10 toc.oiccoooo10 10 0.01000000
11 i 0.05000000ccoo









































































































































































































































The design curves derived from filters 1 to 442 of Appendix A are presented here.
Note that on some of the graphs the vertical scale has been broken and on others it has
been compressed in the upper regions as well as broken. This was done so that all of
the curves having the same set of filter parameters could be presented on a single page.
Since there is a specific pair of cutoff frequencies (Fp, F s ) associated with each fixed
set of parameters N, N, 6 and 6 , two sets of design curves have been presentedp p s
on a single page. The left vertical axis labeled -log 1 0 F corresponds to the solid setP
of curves and the right vertical axis labeled -log 1 0 F corresponds to the dashed set of
curves.
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Fig. B. N = 5, = 0. 0031623.
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Fig. B-4. N= 5, = 0.01. Fig. B-5. N= 5, 6s = 0.0031623.
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Fig. B-l. N = 7, 6 = 0.01.
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(a) (b) (a) (b)
Fig. B-12. N= 7, 6 = 0. 01.
s
Fig. B-13. N = 7, = 0. 0031623.
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(a)
Fig. B-14. N = 7, 6S = 0.001.
S
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Fig. B- 15. N = 7, 6S = 0.00031623.
S
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Fig. B-16. N = 7, 6 = 0.0001.
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Fig. B-18. N 
= 10 6 = 0.0031623.p
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Fig. B-25. N = 10, 6 = 0.0001.
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Fig. B-27. N = 15, 6 = 0.0031623.
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Fig. B-28. N = 15, 6 = 0.01.
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(a) (b) (a) (b)
-29. N = 15, 6 s = 0. 01. Fig. B-30. N = 15, 6 = 0. 0031623.1-29. N = 1 , s S
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Fig. 
Fig. B-31. N = 15, 6S = 0. 001.
S
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Fig. B-32. N = 15, 6 = 0.00031623.
70
70
Fig. B-33. N = 15, 6 = 0.0001.
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(b)
Fig. B-34. N= 31, 6 = 0.001.
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Fig. B-40. N = 31, 6S = 0. 00031623.
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Fig. B-41. N = 31, 6 = 0.0001.
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Fig. B-42. N = 63, 6 = 0.001.'p
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Fig. B-44. N= 63, 6 = 0.01. Fig. B-45. N= 63, 5 = 0.01.
(a)
Fig. B-46. N = 63, 6 = 0.0001
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The unit sample response for each of the 535 filters in Appendix A is presented here,
referenced by the same number as the filter. The values presented are the unit sample
response coefficients for the zero-phase filters. For these filters h(n) = h(-n); n =
1, 2, ... , N, and it is sufficient to present the values h(n); n = 0, 1, 2, .. , N of only
N+1 samples. These coefficients are identified by an index value (Column 2), and by
other column headings. For example, the listing of filter No. 130 shows that the unit
sample response of this filter is of length 11 samples and it is listed on two lines. The
first line with the index value k = 0 lists h(0)-ho(6), while the second line with k = 7
lists h(7)-ho(10). To translate these zero-phase coefficients into the corresponding
linear-phase coefficients, it is only necessary to use Eq. 12.
The coefficient values presented in this report have been represented to nine deci-
mal places and were computed using a revised version of the design algorithm. For
these reasons they may be somewhat different than those originally presented in the M. S.
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APPENDIX D
Design Program
The computer program used to generate the design solutions in this report is one
that may be used to design a variety of equiripple nonrecursive digital filters for
orders (2N+1) up to 255. Lowpass and bandpass filters may be specified directly, while
highpass filters are derivable from lowpass filters, and band-reject filters are deriv-
able from bandpass filters.
The first data card for the program must have the parameters NPROB, IPRINT,
IPLOT, and IPUNCH in 415 format. NPROB is the number of filters to be designed on
a particular run; and IPRINT, IPLOT, and IPUNCH are indicators for optional printed,
plotted, and punched output, respectively. The appropriate indicator must be set to 1
if an option is desired and 0 if it is not.
Each of the remaining data cards must include the parameters NLS, NP, NUS,
DELTA1, DELTA2, DELTA3, HNOMLS, and HNOMUS in 315, 5F10. 0 format. NLS, NP,
and NUS are the numbers of ripples in the lower stopband, passband, and upper stop-
band, respectively, of a bandpass filter with the filter parameter N = NLS+NP+NUS-1.
NP must always be odd for a bandpass filter, and NLS must always be 0 for a lowpass
filter. DELTA1, DELTA2, and DELTA3 are the tolerance specifications for the three
bands of a bandpass filter. For a lowpass filter, DELTAl may be set to 0. HNOMLS
and NHOMUS are the nominal values of the frequency response for the lower and upper
stopbands, respectively, of a bandpass filter, and these values must be less than 1. They
are assigned the value 0 whenever the corresponding fields on the data cards are left
blank.
The printed output for each filter has a heading listing filter specifications. It also
lists the number of iterations required for convergence, final extremum frequencies,
final extremum locations in terms of x = cos 2TrF, impulse response samples, band
edges, differences between the calculated values of the response at the indicated band
edges and the corresponding tolerance bounds, transition bandwidths, and values of the
limits of the tolerance bounds with the magnitudes also expressed in dB. The optional
printed output includes initial estimates of the extremum frequencies, differences
between the calculated extrema of the response and the corresponding tolerance bounds
for each iteration, and the sums of the squares of these differences. An error message
is printed and execution ceases for a particular filter if more than N-1 interior extre-
mum frequencies are located or if convergence is not obtained within the alloted
10 + N/10 iterations.
The punched output for each filter is optional and comprises the filter specifications
as a heading, the extremum locations in terms of both F and x, the impulse response
samples, the band edges, and the transition bandwidths. The plotted output for each
filter is also optional and comprises CalComp plots of various segments of the magnitude
of the frequency response expressed in decibels. The complete frequency response and
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an expanded version of the passband are always plotted under this option. Expanded
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